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We discuss connections between the effective elastic properties of a solid with inhomogeneities and the
far-ﬁeld asymptotics of the elastic ﬁelds generated by them. We focus on the dependence of the far-ﬁeld
asymptotics on the inhomogeneity shape. This shape dependence in the inhomogeneity problem is in con-
trast with shape independence of the far ﬁeld in the eigenstrain problem. For the latter, the far ﬁeld applies
to inclusions of any shape. We show that the external ﬁelds in the eigenstrain – and the inhomogeneity
problems are interrelated by the same tensor that characterizes the compliance contribution of an
inhomogeneity.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
In the problem of effective elastic properties of solids with inho-
mogeneities, the key quantity is the compliance contribution of an
inhomogeneity that gives the extra strain due to its presence. We
discuss the connection between this quantity and the far-ﬁeld
asymptotics of the elastic ﬁelds generated by the inhomogeneity.
This connection has received some attention in literature. We
mention the work of Jasiuk et al. (1994) and Jasiuk (1995) on 2-D
polygonal holes. In this setting, they made an observation that the
far-ﬁeld asymptotics of the hole-generated ﬁelds fully determines
the compliance contribution of the hole. Actually, sufﬁciency of
the far-ﬁeld extends to the general 3-D case. Indeed, for certain vol-
ume V containing an inhomogeneity, the extra overall strain due to
its presence is given by the well-known expression in terms of an
integral over the boundary @V (see, for example, the footnote re-
mark of Hill (1963)):
Deij ¼ 12V
Z
@V
ðDuinj þ DujniÞdS ð1:1Þ
whereDuk are extra displacements due to the inhomogeneity and ni
is the outward unit normal to @V. Volume V can be arbitrarily large,
hence the far-ﬁeld asymptotics of Duk (more precisely, Duk as func-
tions of the applied stresses r0ij) is sufﬁcient for determination of the
compliance contribution of an inhomogeneity.ll rights reserved.
), Mark.Kachanov@Tufts.eduNote that the possibility to express the said contribution in
terms of the far-ﬁeld asymptotics does not seem to offer any com-
putational advantages since accurate calculation of the far-ﬁeld by
the ﬁnite element method still requires ﬁne meshing in close vicin-
ity of the inhomogeneity (Babuska and Strouboulis, 2001). The
importance of relation (1.1) is mostly conceptual. Besides, it gives
the compliance contribution of an inhomogeneity in terms of
experimentally measurable quantities – displacements of the spec-
imen boundaries; in this context, volume V must be large (in order
to neglect the inhomogeneity-boundary interaction) thus making
the far-ﬁeld asymptotics necessary.
The far-ﬁeld asymptotics is shape-dependent, even in cases
when the inhomogeneity compliance contribution is isotropic
(for example, when the inhomogeneity shape has the symmetry
of any equilateral polygon, except square). In this regard, we note
inconsistent statements made in literature: for example, the obser-
vation on sufﬁciency of far-ﬁelds made by Jasiuk et al. (1994) was
followed by an incorrect statement on their shape independence
(‘‘The essential idea is that the hole is replaced by an equivalent cir-
cular hole for purposes of obtaining the far ﬁeld and hence the
effective moduli’’, page S21 of the mentioned work). Note that their
own formulae (26–33) contradict this statement: they contain two
shape-dependent constants, c and d; hence the radius of the pre-
sumably equivalent circular hole cannot be adjusted in such a
way as to match both of them. Indeed, the ratio of the bulk to shear
compliances of a hole is shape dependent; hence matching by an
equivalent circular hole (for which the said ratio has certain
speciﬁc value) is generally impossible.
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ity contributions to the physical properties characterized by sec-
ond-rank tensors, such as the conductive or dielectric ones: for
them, the isotropic case is characterized by only one constant,
hence any isotropic – in regard to these properties – shape (such
as any equilateral polygon including square) can be replaced by a
circle of appropriate radius. The above-mentioned incorrect state-
ment seems to be rooted in incorrect analogy with the dielectric
properties.
The structure of the far-ﬁeld and its shape dependence are clar-
iﬁed by the multipole expansions. They have been used in various
settings, from approximate solutions of integral equations (Morse
and Feshbach, 1953) to approximate analyses of interactions be-
tween inhomogeneities (Rodin, 1993). In a linear elastic contin-
uum, they can be illustrated on a system of forces distributed in
volume V. At distance r that is much larger than linear dimensions
of V, elastic ﬁelds can be represented as a sum of terms: the ﬁrst
one is generated by the principal vector of forces (it decreases as
r2 for stresses and r1 for displacements); the second one – by
dipoles, i.e. pairs of equal and opposite point forces applied at clo-
sely spaced points (it decreases as r3 and r2); the third one – by
quadrupoles – closely spaced dipoles of opposite signs (it decreases
as r4 and r3), etc. The ﬁrst term (generated by the principal vec-
tor) is a dominant one. Such expansions can be extended from a
discrete system of forces to a distribution of stresses (or strains)
in V: the role of the principal vector is played then by the integralR
V rijdV and higher order moments take the form
R
V xkrijdV ,R
V xkxlrijdV , etc. We refer to the book of Lur’e (1964) for the case
of discrete system of forces and the book of Kanaun and Levin
(2008) for a more general form of distributions.
Such expansions directly apply to the ﬁrst Eshelby problem (the
eigenstrain problem), since the effect of eigenstrains ekl distributed
in X can be explicitly expressed in terms of equivalent distribution
of body force Fj ¼ Cijkl@ekl=@xi applied inside X (that reduces to
forces on the boundary oX in the case of uniform eigenstrains).
In the context of the second Eshelby problem (the inhomogeneity
problem), the multipole expansions are less straightforward since
the equivalent distribution of body force is not explicitly given (it
requires solving an integral equation). In Section 3, we apply the
multipole expansion to the inhomogeneity problem following
works of Vakulenko and Kosheleva (1980) and Kosheleva (1983).
We ﬁrst discuss the key quantity of interest – the compliance
contribution tensor of an inhomogeneity. Then we focus on its rela-
tion to the far-ﬁeld asymptotics of the elastic ﬁelds, and shape-
dependence of the said asymptotics.
2. The compliance contribution tensor of an inhomogeneity
The compliance contribution tensor of an inhomogeneity is a
fourth-rank tensor H that gives the extra strain (per reference vol-
ume V) due to its presence:
Deij ¼ Hijklrkl ð2:1Þ
where rkl are stresses in the absence of inhomogeneities; they are
assumed to be uniform within V (‘‘homogeneous boundary condi-
tions’’, see Hill (1963) and the review of Hashin (1983)) and are of-
ten referred to as ‘‘remotely applied’’ stresses. The effective
compliances are obtained by adding the sum Deij ¼
P
mH
ðmÞ
ijkl rkl to
the strain in the matrix e0ij ¼ S0ijklrkl (where S0 is the compliance ten-
sor of the matrix):
Sijkl ¼ S0ijkl þ
X
m
HðmÞijkl : ð2:2Þ
Interactions between inhomogeneities affect their H-tensors. In the
simplest, non-interaction approximation (NIA),H(m) is takenby treat-
ing themth inhomogeneity as an isolated one. In a dual formulation,
the effective stiffnesses are expressed as Cijkl ¼ C0ijkl þ
P
mN
ðmÞ
ijkl whereN(m) are stiffness contribution tensors of inhomogeneities. The H-
and N-tensors are interrelated Sevostianov and Kachanov (2007):
H ¼ S0 : N : S0 ð2:3Þ
so that our discussion on relating H-tensors to the far-ﬁeld asymp-
totics and its shape dependence can be rephrased in terms of N as
well.
The sum
P
mH
ðmÞ constitutes the proper general microstructural
parameter in whose terms the effective elastic properties have to
be expressed. This explains the key role of H-tensors: it is them that
have to be summed, or averaged – and not other tensors such as
Eshelby’s or Hill’s tensors (as is sometimes done in literature –
see, for example Johannesson and Pedersen (1998)). For the ellip-
soidal shapes, H can be expressed in terms of the said tensors;
for non-ellipsoidal shapes, this is not the case and computational
efforts should be focused on H-tensors, as far as the effective elastic
properties are concerned. We note that in some cases this param-
eter can be replaced by simpler ones, such as second-rank tensors
or scalars, and that such replacements may not be obvious; see
Kachanov and Sevostianov (2005) for a discussion in detail.
The parameter
P
mH
ðmÞ is ‘‘proper’’ in the following sense: (1) it
covers arbitrary mixtures of inhomogeneities of diverse shapes,
orientations and elastic properties; (2) its use is necessary if one
wishes the effective properties to be unique functions of the micro-
structural parameter in the NIA (for this reason, the volume frac-
tion parameter cannot be used in cases of diverse
inhomogeneities; its use should be restricted to inhomogeneities
of identical shapes provided their orientations are either random
or ideally parallel).
Remark. The same parameter – or its simpliﬁcations – is com-
monly used for interacting inhomogeneities. For example, various
approximate schemes (differential, Mori–Tanaka’s, etc.) use NIA as
a basic building block, by placing inhomogeneities – treated as
isolated ones – into certain effective environment (effective matrix,
or effective ﬁeld). This is not fully consistent since interactions
affect the H-tensors and one cannot express the effective compli-
ances in terms of a parameter that distorts compliance contribu-
tions of individual inhomogeneities. Therefore, such use should be
viewed as an approximation that is justiﬁed by having no simple
alternatives.
As shown in Section 4, H plays yet another role: it interrelates
the ﬁrst Eshelby problem (the eigenstrain, or inclusion problem)
and the second one (the inhomogeneity problem). More precisely,
in the case of the ellipsoidal shape when the two Eshelby problems
are mathematically equivalent, H gives the eigenstrain that pro-
duces the same external ﬁeld as the given inhomogeneity.
For non-ellipsoidal shapes, analytical and numerical results are
available for various 2-D shapes (Zimmerman, 1986, 1991; Kacha-
nov et al., 1994; Jasiuk et al., 1994; Tsukrov and Novak, 2002,
2004). However, in the 3-D case – that is of main interest for appli-
cations – calculation of H presents a challenge and results are
scarce; we mention numerical results for certain concave shapes
(Sevostianov et al., 2008) and non-ﬂat cracks (Mear et al., 2007).
Various alternative expressions for H are therefore of interest,
and this motivates the discussion of the relation between H and
the far-ﬁeld asymptotics of inhomogeneity–generated ﬁelds.
First, we discuss two different forms of presenting results for H
(and N) that represent their different normalizations:
(A) Since H scales as the ratio V⁄/V where V⁄ is the inhomogene-
ity volume and V is the reference volume, it can be written in
the formH ¼ V
V
H ð2:4Þ
ijklHG0
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where J is a fourth-rank unit tensor with components Jijkl =
(1/2)(dikdjl + dildjk).
(B) Alternatively, H can be written as proportional to a3/Vwhere
a is some characteristic length of the inhomogeneity:
1133H
300 .=ν
0H ¼ a
3
V
H ð2:5Þ0.01 0.1 1.0 10
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For example, for a circular crack of radius aFig. 1. Components of tensor H for a spheroidal pore (x3 is the axis of symmetry) as
functions of the spheroid aspect ratio. Radius a1 = a2 of the spheroid is kept constantH ¼ 16ð1 m0Þ
3ð2 m0ÞG0 nIn
m0
2
nnnn
 
(m0 = 0.3). Rapid increase of HijklðcÞ is explained by the fact that they are normalized
to a31 and not to volume V⁄ that increases as c
2.The two forms correspond to answering two physically different
questions related to the shape-dependence of H:
(A) One may be interested in the following problem: how does
the effect of given volume V⁄ change as the inhomogeneity
shape is changed (while keeping V⁄ constant)? If it is solved,
the summation
P
mH
ðmÞ leads to microstructural parameters
expressed in terms of the volume fraction parameter and
shape/orientation factors.
(B) Alternatively, one may be interested in the change of H as
the shape is changed in certain speciﬁc way (say, a convex
shape becomes a concave one). Then the normalization
(2.5) where a remains constant (whereas volume V⁄ may
change) is appropriate. Yet another motivation for the nor-
malization (2.5) is that the volume normalization (2.4) is a
poor choice for the shapes whose compliance contribution
has low sensitivity to V⁄ (as in the case of narrow, crack-like
pores).
The two questions – posed to the same class of shapes – may
have different answers, as illustrated by the convexity/concavity
factor Sevostianov et al. (2008). In the formulation (A), the effect
of this factor is strong: changing the shape from a convex to a con-
cave one, while keeping V⁄ constant, produces shapes of larger lin-
ear dimensions and hence more compliant; in the formulation (B),
choosing a as a ﬁxed distance between the extreme points of the
shape, the convex-concave transition does not produce any major
effects.
The two approaches are best illustrated on the spheroidal pore
(a1 = a2 and a3 are the semiaxes, c = a3/a1 is the aspect ratio and
V⁄ = (4p/3)a3c). Then
H ¼ 3
4p
1
c
H ð2:6Þ
By identifying ‘‘a’’ in (2.5) as either a1 (with a3 varying) or a3 (with
a1 varying), we explore changes in pore compliance contribution H
corresponding to changing the geometry either from a strongly ob-
late, crack-like shape to a needle of the same radius a1, or from a
thin needle of length a3 to an oblate shape of maximal opening a3.
This is illustrated in Figs. 1 and 2 that present components
HijklðcÞ (analytical expressions can be found in the work of Sevos-
tianov and Kachanov (2002)). Fig. 1 corresponds to keeping a1 con-
stant (with a3 varying). Rapid increase of HijklðcÞ is explained by the
fact that they are normalized to a31 and not to volume V⁄ that in-
creases as c2. Fig. 2 presents the same results in the range of oblate
shapes (c < 1); for the prolate shapes (c > 1), it shifts to the
assumption that a3 is constant (with a1 varying). Note that the
compliance contribution of a strongly prolate shape (c > 7) tends
to zero, for the reason that it is normalized to a31 and not to volume
V⁄ that decreases as c2.The limit c? 0 (crack-like pore) is of particular interest. The
component 1111 of the pore compliance contribution tensor H –
and hence of tensor H – tends to zero: the pore generates no extra
strain e11 under uniaxial loading r11 in this limit. Similarly,
H1212 ! 0, H1122 ! 0, H1133 ! 0. As far as the 3333 and 1313 com-
ponents of H are concerned, an important observation is that they
become almost constant (Fig. 2) as c drops below the value of
about 0.1. This reﬂects the fact that the exact value of c is unimpor-
tant for strongly oblate pores: their compliance contributions are
close to the ones of an ideally thin crack (note that non-linear ef-
fects of crack closure, that are relevant at sufﬁciently high com-
pressive stresses, do not belong to the framework of linear elastic
formulation that is followed in the present work).
Components of H behave differently in this limit, as seen in
Fig. 3. As follows from (2.6) and the fact that at small c,
HijklðcÞ ¼ dHijkldc ð0Þc, they are related to the slope of HijklðcÞ at c = 0:
HijklðcÞ ! 34p
dHijkl
dc
ð0Þ ð2:7Þ
and have non-zero values as c? 0. Physically, behavior of HijklðcÞ in
this limit corresponds to the process where the aspect ratio c? 0
while keeping the pore volume V⁄ constant; this implies enlarging
the pore radius, a?1. Obviously, the 3333 and 1313 components
of the pore compliance contribution tensor H – and hence of tensor
H – tend to inﬁnity in this process. As far as the 1111, 1122, 1212
and 1133 components of H are concerned, the fact that they tend
to certain non-zero values appears to be non-trivial.3. Multipole expansion in the inhomogeneity problem
The multipole expansion identiﬁes the leading term of the far-
ﬁeld asymptotics – the term that determines the compliance con-
tribution of an inhomogeneity. We consider an inhomogeneity that
has the elastic stiffness tensor C1 and occupies domainX; it is sur-
rounded by an elastic matrix with the stiffness tensor C0. Similarly
to the case of eigenstrains distributed inX, this problem can be re-
duced to an equivalent distribution of body force
Fj ¼ C1ijkl  C0ijkl
 
@ekl=@xi in X. However, strains ekl are not pre-
scribed quantities but unknowns (to be found from integral equa-
tions), and they depend on the shape ofX. Then the displacement
ﬁeld, both inside X and outside of it, can be represented as an
integral over X of a product of the Green’s function and Fj;
integrating by parts yields
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Fig. 2. Components of tensor H for a spheroidal pore (x3 is the axis of symmetry) as functions of the spheroid aspect ratio. The major semi-axis of the spheroid (a1 = a2 for
oblate shapes and a1 = a2 for prolate shapes) is kept constant. The curves become almost horizontal for strongly oblate shapes (aspect ratio c is smaller than 0.1) and tend to
zero for strongly prolate shapes (aspect ratio c is greater than 7). The compliance contribution of a strongly prolate shape (c > 7) tends to zero since it is normalized to a31 and
not to volume V⁄ that decreases as c2. (m0 = 0.3).
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Fig. 3. Components Hijkl for a spheroidal pore (x3 is the axis of symmetry) as functions of aspect ratio c provided the pore volume V⁄ is kept constant. Behavior of the 3333 and
1313 components in the limit of c? 0 is due to keeping pore volume V⁄ constant and hence enlarging the pore radius, a?1 (m0 = 0.3).
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 Z
X
@Gjkðx x0Þ
@x0i
elmðx0Þdx0 ð3:1aÞ
where u0i ðxÞ are displacements in absence of the inhomogeneity and
eij(x0) are (generally unknown) strains inX. The position vector x is
drawn from the centroid of X (the origin of coordinates). In direct
tensor notations,
uðxÞ ¼ u0ðxÞ þ
Z
X
rGðx x0Þ : ðC1  C0Þ : eðx0Þdx0 ð3:1bÞ
where a colon denotes contraction over two indices.Multipole expansions can be applied to the representation above
(Vakulenko and Kosheleva, 1980; Kosheleva, 1983). If the distance
from the point of observation x to X is much larger than linear
dimensions of X, the variation of the position vector x  x0 within
X is much smaller than x. Thus, within small values of higher order
in jx  x0j/jxj, the functionrG(x  x0) remains constant for all x0 2X
so that
uiðxÞ ¼ u0i ðxÞ þ
@Gjk
@xi
ðxÞ C1jklm  C0jklm
 Z
X
elmðxÞdx|ﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄ}
helmiX
ð3:2Þ
This represents the leading term of the far-ﬁeld asymptotics of the
inhomogeneity-generated ﬁeld.
2344 I. Sevostianov, M. Kachanov / International Journal of Solids and Structures 48 (2011) 2340–2348Higher-order terms of the far-ﬁeld asymptotics account for var-
iability of x  x0 within X and are obtained by expanding
rG(x  x0) into Taylor series about the centroid. The next term in
the expression for displacements
 @
2Gjk
@xi@xj
ðxÞ C1jklm  C0jklm
 Z
X
xjemnðxÞdx ð3:3Þ
has the structure of ‘‘moment of strains’’ about the centroid. The en-
tire Taylor series, in direct tensor notation, has the form
uðxÞ ¼ u0ðxÞ þ
X1
k¼1
rr . . .r|ﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄ}
k
GðxÞ |{z}
ðkþ1Þ
Tk ð3:4Þ
where the multiple dot denotes contraction over k + 1 indices and
Tk is the following tensor of rank k:
Tk ¼ ð1Þ
k1
ðk 1Þ!
Z
X
x0x0 . . . x0|ﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄ}
k1
ðC1  C0Þ : eðx0Þdx0 ð3:5Þ
The term (3.3), as well as all the terms corresponding to even-order
k, vanish for any centrally-symmetric shape (symmetry with re-
spect to x? x where x is the position vector of boundary points);
this covers, in particular, ellipsoids and various symmetric polyhe-
dra. Another observation is that, for a cylinder and a sphere, all
terms starting with the ﬁfth one vanish so that the series reduces
to two terms that constitute, therefore, the full ﬁeld outside of the
inhomogeneity Vakulenko and Kosheleva (1980).
Differentiating (2.1), with only the leading term retained, yields
far-ﬁeld strains:
eiqðxÞ ¼ e0iq þ ð@i@qGjkðxÞÞ C1jklm  C0jklm
 
helmiV ð3:6Þ
where V⁄ is the volume of the inhomogeneity and helmi is the aver-
age strain in it. Assuming the homogeneous boundary conditions,
e0iq ¼ const. Thus, shape dependence of the far ﬁeld is expressed via
shape dependence of helmi induced by remotely applied stresses.
This shape-dependence can always be written in the form
helmi ¼ hHlmrsiS0rsuvr0uv ð3:7Þ
where Hijkl(x) is shape-dependent fourth-rank tensor that gives
strains at inner points of X as functions of remotely applied strains
S0rsuvr0uv . For the ellipsoidal shape, Hijkl(x) are constant inside X:
Hijkl ¼ Jijkl þ Pijrs C1rskl  C0rskl
 h i1
ð3:8Þ
where PmpijðxÞ ¼
R
X
@2Gmjðxx0 Þ
@xi@xp
dVðx0Þ is Hill’s tensor that is constant
inside domain X if the latter is ellipsoidal. In these formulas, an in-
verse of fourth-rank tensor X1ijkl is deﬁned by the relation
X1ijmnXmnkl ¼ Jijkl where Jijkl = (1/2)(dikdjl + dildjk) is fourth-rank unit
tensor. Note that, in contrast with P, tensorH is generally non-sym-
metric: Hijkl–Hklij.
For a spheroid, the shape-dependence of H means its depen-
dence on the aspect ratio c. For a spheroidal pore, it is illustrated
in Fig. 4. Note that some of Hijkl tend to inﬁnity in the limit
c? 0. This has clear physical interpretation: whereas relative dis-
placements of a crack-like pore (that determine its compliance
contribution) become almost independent of c at c smaller than
about 0.1 (see Fig. 3), the ‘‘strain’’ in a pore (the ratio of the men-
tioned displacements to the opening) tends to inﬁnity as c? 0.
Fig. 5 illustrates the dependence ofHijkl on Poisson’s ratio of the
matrix m0. Note that, in the limit m0? 0.5, some of components
Hijkl tend to inﬁnity since expressions for them have 1  2m0 in
denominators. This reﬂects the fact that they describe the response
of the inhomogeneity to applied uniaxial strain – that cannot be
physically realized in an incompressible material. These singulari-ties do not present a problem, however, since componentsHijkl en-
ter relations (3.7) only in combinations HlmrsS
0
rsuv that do not have
singularities.
An interesting observation is that, in the case of a pore, these
combination coincide, to within a multiplier V⁄/V, with the compo-
nents of tensor H. Indeed, for any ellipsoidal inhomogeneity,
(H : S0)1 = C0 :H1 = C0 + C0 : P: (C1  C0). Expressing Hill’s tensor
P from the relation between the N- and P-tensors N1 = (V/
V⁄)[(C1  C0)1 + P] (Sevostianov and Kachanov, 2002) we have
(H : S0)1 = (V⁄/V)C0 : N1: (C1  C0). Using the connection (2.3) be-
tween the H- and N-tensors that can be written as C0: N1 = H1:
S0 one obtains (H : S0)1 = (V⁄/V)H1: (S0:C1  J) so that
H : S0 ¼ V
V
ðJ  S0 : C1Þ1 : H ð3:9Þ
Thus, shape-dependence of the average strain in an inhomogeneity
hei is characterized by tensor H:
hei ¼ V
V
ðJ  S0 : C1Þ1 : H : r0 ð3:10Þ
that, in the case of pore (C1 = 0), simpliﬁes to
hei ¼ V
V
H : r0 ¼ H : r0 ð3:11Þ
In the limit of a thin crack, the average ‘‘strain’’ in the interior tends
to inﬁnity since it is given by the ﬁnite displacement jump across
the crack surface divided over the small average crack opening
h : heiji ¼ uþi  ui
 
nj þ uþj  uj
 
ni
h i
=2h. Note that the strain con-
tribution of a crack to the overall strain per volume V (and, there-
fore, its compliance contribution) remains ﬁnite since the large
‘‘strain’’ in the crack interior is multiplied by its small volume
V⁄ = h S where S is the crack area.
Remark. For an inhomogeneity of ﬁnite stiffness, its compliance
contribution tends to zero as its thickness tends to zero. Indeed, let
us consider, for example, a strongly oblate spheroidal inhomoge-
neity with aspect ratio c 1. Its compliance contribution tensor
H ¼ c aS
V
½ðS1  S0Þ1 þ Q 1 ð3:12Þ
where tensor Q = C0: (J  P : C0). Thus, if S1 is ﬁnite Hijkl? 0 as
c? 0. On the other hand, for a crack-like pore (S1  S0)1 = 0,
whereas the 3333 and 1313 components of Q1 are inversely pro-
portional to c so that the corresponding components of H remain
non-zero.
The dependencies of components Hijkl of a spheroidal pore on
Poisson’s ratio of the matrix m0 are shown in Fig. 6. Note that these
dependencies are quite noticeable. This fact can be viewed as com-
plementary to the observation of Christensen (1993) that the effec-
tive Young’s modulus of an isotropic material with voids has low
sensitivity to m0.
Remark. Although we do not focus on higher-order multipoles, we
note that, for the ellipsoidal shapes, their calculation may be more
efﬁcient in terms of various harmonics (such as the spherical ones).4. Shape sensitivity of the far-ﬁeld: inhomogeneity vs
eigenstrain
The far-ﬁeld asymptotics of elastic ﬁelds generated by an inho-
mogeneity (the second Eshelby problem) is essentially different
from the one of an eigenstrain (inclusion) of the same shape (the
ﬁrst Eshelby problem). In the eigenstrain problem (eij is prescribed
in domain X), the far-ﬁeld is independent of the shape of X; in the
inhomogeneity problem, the far-ﬁeld is shape dependent. Note that,
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cally equivalent: the second one requires solving an integral equa-
tion rather than computation of an integral.
Indeed, in the eigenstrain problem, the equilibrium equation can
be written as @rij=@xj ¼ Cijkl@ekl=@xj  Cijkl@ekl=@xi ¼ 0 so that the ef-
fect of the eigenstrain can be represented in the form of ﬁctitious
body force applied inside X:Fj ¼ Cijkl@ekl=@xi ð4:1Þ
Displacements at any point x are then given by an integral overX of
the product of Green’s tensor and Fj, or, integrating by parts, in
terms of an integral of derivatives of the Green’s tensor:
umðxÞ ¼ Cijkl
Z
X
@Gmjðx x0Þ
@x0i
eklðx0Þdx0 ð4:2Þ
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taken out of the integral. The strain ﬁeld is obtained by differentia-
tion of (4.2):
emnðxÞ ¼ Cijkl
Z
X
@2Gmjðx x0Þ
@x0i@xn
eklðx0Þdx0 ð4:3Þ
In the far-ﬁeld asymptotics, the distance jx  x0j from the point of
observation to points of X is much larger than linear dimensions
of X; then the integral in (4.2) simpliﬁes:Z
X
@Gmjðx x0Þ
@x0i
eklðx0Þdx0  
@Gmjðx x0Þ
@xi
Z
X
eklðx0Þdx0 ð4:4Þ
(with similar representation for the second derivative in formula
(4.3)) where x0 is any point inside X). Thus, the far-ﬁeld is deter-
mined by the integral
R
X e

klðx0Þdx0 ¼ ekl
 
V but not by the shape
of X. It is also independent of the distribution of ekl within X.
Remark. Alternatively, the displacement ﬁeld due to eigenstrains
can be represented in terms of ﬁctitious force Fj. Then the far-ﬁeld
asymptotics has the form
umðxÞ ¼
Z
X
Gmjðx x0ÞFjðx0Þdx0  Gmjðx xÞ
Z
X
Fjðx0Þdx0 ð4:5Þ
where x is some point insideX (to within small values of higher or-
der, its precise position is unimportant and can be chosen, for
example, as the centroid of X). Hence the far ﬁeld is determined
by the principal vector of Fj but not by the shape of X or the distri-
bution of Fj within X.
We illustrate this shape-independence in the eigenstrain prob-
lem by deriving expressions for the spheroidal shape of X. The
motivation is that, in view of the mentioned shape-independence,
these expressions apply to inclusions of any shape.
Full expressions for the strain ﬁeld outside of an ellipsoidal do-
main X subjected to uniform eigenstrain eij were derived by Eshel-by (1959). We utilize more detailed expressions given in the book
of Mura (1982) and derive their far-ﬁeld asymptotics. We limit cal-
culations to the case of spheroid and show that results are insensi-
tive to its aspect ratio.
The full strain ﬁeld, both inside and outside of X, is given by
eijðxÞ ¼ DijklðxÞekl ð4:6Þ
InsideX, tensor D coincides with Eshelby tensor s (parameter k = 0
in the formulae below); in this sense, it generalizes Eshelby tensor.
In the text to follow, we focus on points outside of X. We have the
following expression for tensor D:
8pð1 mÞDijklðxÞ ¼ w;klij  2mdkl/;ij  ð1 mÞðdil/;kj þ djl/;ki
þ dik/;lj þ djk/;liÞ ð4:7Þ
that requires expressions for the second- and fourth-order deriva-
tives of the integrals
wðxÞ ¼
Z
X
jx x0jdx0; /ðxÞ ¼
Z
X
dx0
jx x0j ð4:8Þ
For a general ellipsoid, with semiaxes a1,a2,a3, the mentioned deriv-
atives are expressed in terms of the following elliptic integrals:
IðkÞ ¼ 3
2
V
Z 1
k
ds
DðsÞ
IiðkÞ ¼ 32V
Z 1
k
ds
a2i þ s
 
DðsÞ
IijðkÞ ¼ 32V
Z 1
k
ds
a2i þ s
 
a2j þ s
 
DðsÞ
ð4:9Þ
where DðsÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a21 þ s
 
a22 þ s
 
a23 þ s
 q
and V⁄ = (4/3)pa1a2a3 is the
ellipsoid volume; k is the largest positive root of the cubic equation
(at least one positive root exists):
x21= a
2
1 þ k
 þ x22= a22 þ k þ x23= a23 þ k  ¼ 1 ð4:10Þ
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quadratic one, and in the far-ﬁeld asymptotics it takes the form
k2  kr2  a2 c2 x21 þ x22  a2
 þ x23
  ¼ 0
where r2 ¼ x21 þ x22 þ x23, so that the root
k ¼ r
2
2
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r4
4
þ a2 c2 x21 þ x22  a2
 þ x23
 
r
 r2 ð4:11Þ
is independent of the shape (aspect ratio c) and is large. Hence the
variable of integration s in (4.9) is also large. The integrals (4.9) are
then shape-independent, do not depend on indices i and j and, with
the account of D(s)  s3/2, are given by
I ¼ 3V
r
; Ii ¼ Vr3 ; Iij ¼
3
5
V
1
r5
;
Ii;j ¼ ð3ajÞVr3 ; Iij;kl ¼
V
r3
15
akal
r2
 3 dkl
r2
 
ð4:12Þ
where ak are directional cosines (xk = rak). We also have
2/ ¼ I  r2Ii; 2w;i
¼ xi I  r2Ii  a2i ½I1  r2Iij
  ðno sum over iÞ ð4:13Þ
Formula (4.6) becomes a sum of two terms, proportional to V⁄/r3
(the leading one) and to Va2i =r
5. Retaining the leading term only,
we have
DijklðxÞ ¼ Vr3
1
8pð1 mÞ ½ð1 2mÞðdikdjl þ djkdil  dijdklÞ
þ 3ð1 2mÞdklaiaj þþ3mðdjlaiak þ dikajal þ djkaial
þ dilakajÞ þ 3dijakal  15aiajakal ð4:14Þ
Thus,
eijðxÞ ¼ DijklðxÞekl ¼
1
8pð1 mÞ
V
r3
ð1 2mÞ 2eij  ekkdij
 n
þ3ð1 2mÞekkaiaj þ 6m eilalaj þ ejlaial
 
þ
3eklakaldij  15eklaiajakal
 ð4:15Þ
The far-ﬁeld in any direction (speciﬁed by directional cosines ak) is
given by products of eigenstrains and V⁄; the aspect ratio of the
spheroid is irrelevant. Moreover, in view of shape-independence
of the far-ﬁeld in the general eigenstrain problem, formula (4.15)
gives the far-ﬁeld for an inclusion of any shape having the same prod-
ucts ekl V. In the case of non-uniform eigenstrain, one has to replace
ekl ! ekl
 
.
In particular, the hydrostatic eigenstrain ekl ¼ edkl produces the
following far-ﬁeld
eijðxÞ ¼ 1þ m4pð1 mÞ
V
r3
eðdij  3aiajÞ ð4:16Þ
that coincides with the strain ﬁeld of a center of expansion (gener-
ated by three mutually orthogonal tension dipoles of equal intensity
applied at the same point, or by thermal expansion of an inhomoge-
neity in the isotropic material).
In the second Eshelby problem, the structure of the far ﬁeld is
given by the leading term of the multipole expansion (3.2). It con-
tains the average strain in the inhomogeneity that is shape-
dependent.
IfX is an ellipsoid, the twoEshelby problems aremathematically
equivalent: their solutions canbe expressed in terms of one another.
Since the far ﬁeld is shape-independent in the ﬁrst problemand does
depend on aspect ratios in the second problem, the connection
between the two problems should be aspect ratio – dependent. This
connection – provided by the same tensor H that gives the compli-
ance contribution of an inhomogeneity – is obtained as follows.First, the far-ﬁeld asymptotics of the relation (3.2) can be rewritten
in the form similar to (3.2):
umðxÞ ¼ Cijkl @Gjk
@xi
ðxÞ
Z
X
eklðx0Þdx0 ð4:17Þ
Comparing this relation with (3.2) (far ﬁeld produced by an inho-
mogeneity) the requirement that far ﬁelds in two problems coincide
yields:
Cijkl
Z
X
eklðx0Þdx0 ¼ C1jklm  C0jklm
 Z
X
elmðxÞdx ð4:18Þ
Taking into account (3.7), the eigenstrain eklðxÞ that is distributed in
the same domain and is equivalent to a given ellipsoidal inhomoge-
neity (produces the same strain ﬁeld outside of X, with the ‘‘back-
ground’’, remotely applied stress r0 subtracted) is given by the
relation
C0ijklekl ¼ C1ijrs  C0ijrs
 
HrspqS
0
pqmnr
0
mn ð4:19Þ
where tensor H is deﬁned by relation (3.7).
It follows from formula (4.17) that
e ¼ S0 : ðC1  C0Þ : H : S0 : r0 ð4:20Þ
and using the result (3.8) for H: S0 we have
e ¼ V
V
H : r0 ¼ H : r0 ð4:21Þ
This formula gives the eigenstrain that produces the same external
ﬁeld as the given inhomogeneity under given remote loading r0.
Thus, for the ellipsoidal shape, the correspondence between the
eigenstrain and the inhomogeneity problems is given by the H-ten-
sor (with the normalizing multiplier V⁄/V omitted).
Example. We consider a spherical pore of radius a under applied
uniaxial tension r in the direction x1. The equivalent eigenstrains
are given by
e11 ¼ H1111r; e22 ¼ H2211r; e33 ¼ H3311r
where
H1111 ¼ 3ð1 m0Þð9þ 5m0Þ2ð7 5m0ÞE0 ; H2211 ¼ H3311 ¼ 
3ð1 m0Þð1þ 5m0Þ
2ð7 5m0ÞE05. Conclusions
The far-ﬁeld asymptotics of the elastic ﬁelds generated by an
inhomogeneity determines its contribution to the effective elastic
properties. We discussed the dependence of the said asymptotics
– and hence of the effective properties – on the inhomogeneity
shape. Using multipole expansions, we show that this dependence
manifests itself via shape dependence of the average strain heiji in-
duced in the inhomogeneity by applied loads.
The shape dependence in the inhomogeneity problem is in con-
trastwith shape independence of the far-ﬁeld in the eigenstrainprob-
lem. For the latter, the far-ﬁeld applies to inclusions of any shape.
We show that the external ﬁelds in the eigenstrain- and the inhomo-
geneityproblemsare interrelatedby the same tensor that character-
izes the compliance contribution of an inhomogeneity.
We note that statements made in literature on shape depen-
dence of the far ﬁelds have not always been consistent. It seems
that there are two possible roots of this confusion: (1) the two
Eshelby problems – the inclusion, of the eigenstrain problem,
and the inhomogeneity problem – are not properly distinguished,
and (2) for the physical properties characterized by second-rank
tensors (such as the conductive or the dielectric properties), any
2348 I. Sevostianov, M. Kachanov / International Journal of Solids and Structures 48 (2011) 2340–2348shape that is isotropic in the sense of these properties (such as any
equilateral polygon) is equivalent to a circle of appropriately cho-
sen radius whereas for the elastic properties this is not the case.
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